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Abstract
The paper contains a development of the previously proposed gen-
eralized lattice model (GLM). In contrast to usual lattice models,
the difference of the specific atomic volumes of the components is
taken in account in GLM. In addition to GLM, the dependence of the
specific atomic volumes on local atomic environments taken into ac-
count in new variable-lattice model (VLM). Thermodynamic functions
of multi-component homogeneous phases in the VLM are obtained.
Equations of equilibrium between gaseous and condensed phases are
derived.
1 Introduction
The generalized lattice model (GLM) of multicomponent condensed systems
(such as solid or liquid solutions) was proposed in paper[1] and developed
in [2, 3, 4, 5]. In contradistinction to usual lattice models (see for example [6,
7, 8, 9]), the GLM takes into account the following essential factors:
1. The short-range inter-atomic repulsions. These repulsions are not iden-
tical for different pair of atoms, therefore it is impossible to take into
account the repulsions by means of an ideal lattice introduction.
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2. The presence of the local fields due to the long-range parts of the
inter-atomic potentials. These fields have the essential influence on
both equilibrium properties and non-equilibrium processes on the cor-
responding space scales;
3. Existence of some non-equilibrium degrees of freedom due to colossal
time of their relaxations. Real condensed systems are, as a rule, par-
tially equilibrium systems.
4. Existence of essential inhomogeneities due to both difference of the
atomic sizes of the components and presence of some frozen degrees of
freedoms. It is well known, the inhomogeneities scales can be arbitrary
up to atomic sizes.
Short-range and long-range parts of the inter-atomic potentials in con-
densed matter play essentially different roles. Short-range repulsions prevent
the collapse of the particles into multi-particle conglomerates and lead to
some restriction on the local densities of the components. Long-range parts
of the inter-atomic potentials generate the local force fields.
Short-range repulsions in the GLM taken into account by means of the
packing condition
m∑
i=0
ωini (r)− 1 = 0, (1)
where ωi and ni (r) are the specific atomic volume and local density of i-
th component, respectively, m is number of the components, index i = 0
corresponds to vacancies as one of the components with equal status in the
system. The only difference between vacancies and other (“real”) components
is absence direct interaction vacancies with any kind of the particles.
The Helmholtz free energy functional of the GLM contains has the fol-
lowing form
F (T, V, . . . , {ns(r)} , . . .) =
1
2
m∑
i,j=1
∫∫
Kij(r− r
′)ni(r)nj(r
′) dr dr′
+T
m∑
i=0
∫
ni(r) ln
(
ni(r)
n(r)
)
dr,
(2)
where Kij(r− r
′) is the long-range part of the inter-atomic potential of par-
ticles i-th and j-th components, ni (r) is the local density of i-th component,
T is the absolute temperature in energy units,
n(r) =
m∑
i=0
ni(r) (3)
2
is the summarized density of all the components including the vacancies with
their local density n0(r).
In addition to the Helmholtz free energy functional (2) and packing con-
dition (1), the GLM contains the setting of the total particles numbers of the
components ∫
ni(r) dr−Ni = 0. (4)
Thus, the GLM defined in application to a concrete system by the proper
volumes of the components ωi and by their long-range parts Kij(r) of the
inter-atomic potentials. The equations for the equilibrium distributions can
be find from the conditional minimum of the Helmholtz free energy func-
tional (2) at the conditions (1) and (4). This way was realized in pa-
pers [1, 2, 3, 5] for both equilibrium states and transport processes.
But, it is very doubtful that the values of proper volumes of the compo-
nents do not depend on their environment. For example, the vacancies in
cooper, in iron, and in lead have not the same volumes. Much more complex
the question on vacancies volume is for multicomponent system.
The aim of present paper is further development and improvement of the
GLM with account of the component specific volumes dependence on their
local environment.
2 Basic definitions of the variable-lattice model
2.1 General relations
The most essential imperfection of the GLM due to independence of the com-
ponents specific atomic volumes ωi (i = 0, 1, . . . , m) on their environment
can be corrected in following way. Let us assume that the proper volume
for every of the components is some functional of the distributions of the
components
ωi(r) = ωi({n1(r), ...nm(r)}). (5)
Then the packing condition (1) has the following form
m∑
i=0
ωi({n1(r), ...nm(r)})ni (r)− 1 = 0. (6)
Thus, the variable-lattice model is defined by the following relations:
1. The Helmholtz free energy functional F (2), containing the long-range
parts Kij (r) of the inter-particle potentials;
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2. The packing condition (6), containing the short-range inter-particle
repulsions with account of the environment influence; this condition
holds at every point r of the system;
3. The setting of the total particles number for every of the compo-
nents (4).
2.2 Specific atomic volumes of the components
In general case, the influence of the environment on the specific atomic vol-
ume of the components can be describes by the influence functional. The
same particles in the different space points can have different specific atomic
volumes because of their environments difference. Any infinitesimal change
δni (r) of components distribution in vicinity of the point r leads to change
of the specific atomic volumes in this point
δωi (r) =
m∑
j=0
∫
ωij (r− r
′) δnj (r
′) dr′, (i = 0, 1, . . . , m) (7)
where
ωij (r− r
′) =
δωi (r)
δnj (r′)
(8)
is the variational derivative of the functional ωi (r) with respect to nj (r
′).
Assume the functions ωij (r− r
′) are very localized, i.e.
ωij (r− r
′) = ωij δ (r− r
′) , (9)
where ωij are the constants (influence coefficients), δ (r) is the Dirac delta-
function. Thus, suppose the connection between local specific atomic volumes
and distribution of the components in the following form
ωi(r) = ω
(0)
i +
m∑
j=0
ωijnj(r), (10)
where ω
(0)
i are some “bare” specific volumes. All the values ω
(0)
i , ωij are the
parameters of the variable-lattice model.
3 Homogeneous multi-components phases
For a homogeneous ni (r) = consti = ni phase the specific atomic volumes of
the constituents have the following connections with this phase composition
ωi = ω
(0)
i +
m∑
j=0
ωij nj . (11)
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The the packing condition transforms to the following relation:
m∑
i=0
ni
(
ω
(0)
i +
m∑
j=0
ωijnj
)
− 1 = 0. (12)
The configuration term in Helmholtz free energy functional (2) for ho-
mogeneous system expresses via integral of the long-range parts of the inter-
atomic potentials∫∫
Kij(r− r
′)ni(r)nj(r
′) dr dr′ = V ni nj K
(0)
ij , (13)
where
K
(0)
ij =
∫
Kij(r) dr (14)
is some integral characteristics of the long-range parts of the inter-atomic
potential Kij(r).
Thus, the Helmholtz free energy (2) has the following form:
F =
1
2
m∑
i,j=1
K
(0)
ij
NiNj
V
+ T
m∑
i=0
Ni ln
(
Ni
N
)
. (15)
Let us find the pressure P and chemical potentials µi of the components in
homogeneous phases using this expression.
3.1 Pressure
Any change of the volume V at fixed values of the particles numbers N1, N2,
. . . , Nm leads to change of the vacancies numbers N0,
1 hence the pressure P
is defined as:
P = −
(
∂F
∂V
)
T,N1,··· ,Nm
= −
(
∂F
∂V
)
T,N0,N1,...,Nm
−
(
∂F
∂N0
)
V,T,N1,...,Nm
(
∂N0
∂V
)
T,N1,...,Nm
.
(16)
As a result we have
P =
1
2
m∑
i,j=1
K
(0)
ij ninj + T B
(
ni, ω
(0)
i , ωij
)
ln
(
n
n0
)
. (17)
1or to their specific volumes changes; note, the volume change generates change of the
densities, and the last leads to the specific volumes changes; all of these connections are
taken into account.
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where
B
(
ni, ω
(0)
i , ωij
)
=
1 +
m∑
i,j=0
ωij ni nj
ω
(0)
0 +
m∑
j=0
(ω0j + ωj0)nj
(18)
3.2 Chemical potentials
Any change of the components numbers in the system at fixed volume
leads to compensating change of the vacancies number. Hence, the chemical
potentials of the components defined by the following way
µi =
(
∂F
∂Ni
)
T,V,{Ns}s6=i
=
(
∂F
∂Ni
)
T,V,N0,{Ns}s6=i
+
(
∂F
∂N0
)
T,V,Ni
(
∂N0
∂Ni
)
T,V {Ns}s6=i
.
(19)
Direct calculations with account of the relations
(
∂N0
∂Ni
)
V,{Ns}s6=i
=
ω
(0)
i +
1
V
m∑
j=0
(ωij + ωji)Nj
ω
(0)
0 +
1
V
m∑
j=0
(ω0j + ωj0)Nj
(20)
(it follows from the packing condition (12)) lead to the following expression
for the components chemical potentials:
µi =
m∑
j=1
K
(0)
ij ni + T
[
ln
(ni
n
)
−Ai
(
ni, ω
(0)
i , ωij
)
ln
(n0
n
)]
, (21)
where
Ai
(
ni, ω
(0)
i , ωij
)
=
ω
(0)
i +
m∑
j=0
(ωij + ωji)nj
ω
(0)
0 +
m∑
j=0
(ω0j + ωj0)nj
. (22)
3.3 Thermodynamic functions of condensed and gaseous
phases
Let us consider the limiting cases of both gaseous and condensed homoge-
neous phases. These cases result from the general relations for pressure (17)
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and chemical potentials (21). To express the pressure P and chemical poten-
tials µi as functions of the system composition and other natural variables,
we should first express the densities ni via atomic concentrations xi, and then
exclude the vacancies.
Let us introduce the atomic concentrations of the components by the
definition
xi =
ni
m∑
j=1
nj
. (23)
Hence we obtain
ni =
1− ω0 n0
(ω, x)
xi, (24)
where
(ω, x) =
m∑
i=1
ωi xi . (25)
Substituting (24) into (17), we obtain the expression for pressure via
atomic concentrations
P =
(1− ω0n0)
2
(ω, x)2
m∑
i,j=1
K
(0)
ij xi xj +B T ln
(
1 +
1− ω0n0
n0 (ω, x)
)
, (26)
where B defined by (18).
By the similar way, we obtain the expressions for the chemical potentials
µi =
1− ω0n0
(ω, x)
m∑
j=1
K
(0)
ij xj + T
[
ln xi + ln
(
1− ω0n0
1− ω0n0 + n0(ω, x)
)
−Ai ln
(
1− ω0n0 + n0(ω, x)
n0(ω, x)
)]
,
(27)
where Ai is defined by (22). Note, that Ai, B in these relations depend on
the phase composition.
3.3.1 Gaseous phase
Gaseous phases characterized as phases with the small parameter:
ǫ1 = 1− ω0n0 ≪ 1. (28)
The leading terms with respect to ǫ1 in (17) and (21) have the following form:
P g = ǫ1 T B
g ω
g
0
(ωg, x)
, (29)
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and
µ
g
i =
ǫ1
(ωg, x)
m∑
j=1
K
(0)
ij xj +
ǫ1 T
(ωg, x)
[ωg0A
g
i − ω
g
0 + (ω
g, x)]
+T ln
(
ǫ1 xi ω
g
0
(ωg, x)
)
,
(30)
where index “g” indicates that these relations hold for the gaseous phase.
Excluding the parameter ǫ1 in relations (29) and (30), we obtain the
chemical potentials as a function of the composition, external pressure and
temperature for the gaseous phase:
µ
g
i (P, T, x) = T ln
(
P gxi
TBg
)
+
P g
Bgω
g
0
{
1
T
m∑
j=1
K
(0)
ij xj + [ω
g
0A
g
i − ω
g
0 + (ω
g, x)]
}
.
(31)
3.3.2 Condensed phase
Condensed phases characterized as phases with the small parameter:
ǫ2 = n0 ω0 ≪ 1. (32)
This parameter is a volume fraction of the vacancies in the system.
The leading terms with respect to ǫ2 in (26) and (27) are
P c =
1
2(ωc, x)2
m∑
i,j=1
K
(0)
ij xi xj − T B
c ln
(
ǫ2 (ω
c, x)
ωc0
)
(33)
and
µci = −T A
c ln(ǫ2)
+
[
T ln xi − T A
c
i ln
(
(ωc, x)
ωc0
)
+
1
(ωc, x)
m∑
j=1
K
(0)
ij xj
]
.
(34)
Excluding the parameter ǫ2 from these relations, we obtain the expres-
sions for the components chemical potentials in condensed phases via com-
position, temperature, and pressure:
µci = T ln xi +
Aci
Bc
P c
+
1
(ωc, x)
m∑
j=1
K
(0)
ij xj −
Aci
2Bc (ω, x)2
m∑
i,j=1
K
(0)
ij xi xj .
(35)
8
4 Phase equilibrium between condensed and
gaseous phases
Equilibrium between gaseous and condensed phases at given pressure P and
temperature T provided by equalities of the components chemical potentials
in these phases
µci = µ
g
i , (i = 1, . . . , m) (36)
Substituting (31) and (35) into (36), we obtain the complete system of equa-
tions for compositions of the co-existing phases
T ln
(
Pyi
TBg
)
+
P
Bgω
g
0
{
1
T
m∑
j=1
K
(0)
ij yj + [ω
g
0A
g
i − ω
g
0 + (ω
g, y)]
}
= T ln xi +
Aci
Bc
P c +
1
(ωc, x)
m∑
j=1
K
(0)
ij xj −
Aci
2Bc (ω, x)2
m∑
i,j=1
K
(0)
ij xi xj .
(37)
where yi are the components concentrations in the gaseous phase, xi are the
concentrations in the condensed phase. This system of equations allows to
find the composition of one of the co-existing phases by given composition
of other phase at given P and T .
5 Conclusion
The variable-lattice model of the multi-component systems allows take into
account the following peculiarities of the condensed matter:
1. The short-range interatomic repulsion, including both essential differ-
ences of the specific atomic volumes of the components and dependence
of atomic volumes on their environments.
2. The local force fields, due to long-range parts of the interatomic poten-
tials.
Thermodynamic functions of homogeneous both gaseous and condensed phases
are derived. The equations of phase equilibrium between gaseous and con-
densed phases for variable-lattice model are obtained.
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